It is well known in quantum mechanics that a large energy gap can suppress transitions due to additional couplings and lead to a constrained dynamics within a Hilbert subspace. However, a general and quantitative justification of this statement stays lacking. Here we establish an observable-based error bound for such constrained dynamics in generic gapped quantum systems. This universal bound is a linear function of time that only involves the energy gap and coupling strength, provided that the latter is much smaller than the former. We demonstrate that both the intercept and the slope in the bound can asymptotically be saturated by simple models. We generalize the result to quantum many-body systems with local interactions, for which the coupling strength diverges in the thermodynamic limit while the error is found to grow no faster than a power law t d+1 in d dimensions. Our work establishes a universal and rigorous result concerning nonequilibrium quantum dynamics.
Introduction.-Approximations appear ubiquitously in science and their validity should be justified by error estimations [1] . In quantum physics, one of the most widely used approximations is based on the separation of energy scales or the existence of large energy gaps [2] . While the entire quantum system can be very complicated, it can dramatically be simplified by keeping only the degrees of freedom with relevant energy scales. Technically, this is achieved by projecting the full Hamiltonian onto a Hilbert subspace. Two prototypical examples are approximating atoms as few-level systems in quantum optics [3] and crystalline materials as few-band systems in condensed matter physics [4] . When we add a weak coupling term such as external fields or interactions, it suffices to consider the action restricted in the subspace, provided that the manifold is energetically well-isolated from the remaining. It is well-known from the perturbation theory that the error is of the order of the inverse energy gap, and thus vanishes in the infinite gap limit [5] .
We note that the suppression of error by energy gap has tacitly been used for approximating not only static quantum states but also quantum dynamics [6] . For example, quench dynamics in the Bose-and Fermi-Hubbard models are implemented by ultracold atoms in deep optical lattices such that the projection onto the ground-state band is a good approximation [7] [8] [9] [10] . More recently, the peculiarly slow thermalization dynamics observed in a strongly interacting Rydberg-atom chain is actively studied on the basis of the so-called PXP model, where the constrained dynamics is within the Hilbert subspace with adjacent Rydberg excitations forbidden [11, 12] .
While the approximation of constrained dynamics from large energy gaps has widely been used in the literature, a general and quantitative justification stays lacking. Here, we fill this gap by deriving a universal error bound for constrained dynamics. This bound is simply a linear function of time and depends only on the coupling strength and energy gap. Our main strategy is a general perturbative analysis based on the Schrieffer-Wolff transformation (SWT) [13] , which is a unitary transformation that block diagonalizes the perturbed Hamiltonian and has been used to estimate the errors in equilibrium setups [14] . We basically focus on the case of a bounded coupling term, but will also sketch out the outline of the many-body generalization based on locality. In addition to the Lieb-Robinson bound [15] [16] [17] , the quantum speed limit [18] [19] [20] [21] , the bound on energy absorption for Floquet systems [22, 23] and the bound on chaos [24] , our work contributes yet another rigorous and universal bound in nonequilibrium quantum dynamics. Setup and numerical trials.-We consider a quantum system with arbitrarily large Hilbert-space dimension described by H 0 , which has an isolated energy band 0 separated from the remaining by an energy gap ∆ 0 (see Fig. 1(b) ). The projector onto the subspace spanned by all the eigenstates in the energy band is denoted as P (see Fig. 1(a) ). With an additional term V added to H 0 , the total Hamiltonian becomes
To quantify the deviation between the constrained dynamics generated by the projected Hamiltonian H P ≡ P HP and the arXiv:2001.03419v2 [quant-ph] 13 Jan 2020 actual dynamics starting from a state in 0 , we define the error with respect to an observable O as
where · denotes the operator norm, i.e., the largest singular value. Without loss of generality, we assume O to be normalized as O = 1. While only Hermitian observables are directly measurable in experiments, our result applies equally to non-Hermitian operators. In this case, the maximal value of (t) over O is actually the superoperator norm P(e itad H − e itad H P ) ∞→∞ induced by the operator norm [25] 
It is helpful to first gain some intuition into the typical behavior of (t). We carry out numerical simulations for a randomly constructed system with three bands, each containing four levels and separated from the others by a large gap. The observable is also taken to be random, and P is chosen to be the projector onto the middle band. As shown in Fig. 1(c) , while the local fluctuations in (t) differ significantly for different random realizations, there seems to be two universal features. First, (t) initially undergoes a sudden "jump". Precisely speaking, the "jump" is actually a very rapid growth within an order-∆ −1 0 time interval (see the inset in Fig. 1(c) ). Second, (t) grows linearly despite of irregular fluctuations. It is thus natural to conjecture that (t) can be bounded by a linear function of time.
Main result and its qualitative explanation.-The above conjecture turns out to be indeed true. In the regime ∆ 0 V and for an intermediately long time t ∆0 V 2 (i.e., V t is considered as order one), we claim the following universal asymptotical bound:
where " " means that there could be a tiny violation up to the order of V 2
. We note that it is possible to derive a bound valid even when ∆ 0 is comparable with V , but the form is a bit more involved and exactly reproduces Eq. (3) in the large-gap regime [26] .
Two more remarks on the applicability of Eq. (3) are in order. First, the energy band can be embedded in an arbitrary part of the energy spectrum of H 0 . It may consist of the ground states, mid-gap states or even the most excited states. All these situations will later be exemplified. Second, we do not assume any constraint on the width of the energy band. It can be zero (e.g., the case of a ground-state manifold) or even larger than ∆ 0 .
It is rather easy to understand the orders of the intercept and the slope in Eq. (3). According to the standard perturbation theory [2] , a state in 0 should basically lie in , the perturbed energy band in H, but also slightly contain some components outside . These components have a weight (amplitude) of the order of V ∆0 , and their rapid oscillation leads to the initial "jump" of (t). Also, the effective Hamiltonian in the Green's function (Fourier transform) of the projected unitary P e −iHt P is known to be H eff (ω) = H P + Σ(ω), where the self-energy
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for ω ∈ 0 [27] [28] [29] . However, it is far from clear from the above argument why the factors before V ∆0 and V 2 ∆0 should be 4 and 2. It is even unclear why these factors can be finite, even though there can be a huge number of levels in or/and outside 0 .
"Worst" models.-Before going into the derivation of the main result, let us comment on the tightness of the inequality. We emphasize that the bound is universally valid, so the tightness should be analyzed for the "worst" models and observables instead of the typical ones like the random model in Fig. 1 . It turns out that, separately, both of the constant and the time-linear terms are tight and can asymptotically (in the large gap limit) be saturated in very simple models.
We first demonstrate the saturation of the constant in a twolevel atom driven by a classical laser with detuning ∆ 0 and Rabi frequency Ω (see Fig. 2(a) ). In this case, H 0 = ∆0 2 σ z and V = Ω 2 σ x so that V = Ω 2 , where σ x = |e g| + |g e| and σ z = |e e| − |g g| are the Pauli matrices. Choosing P = 1 2 (1 − σ z ) = |g g| to be the ground-state projector and O = σ x , we can easily calculate the error to be
where ∆ = ∆ 2 0 + Ω 2 . This quantity rapidly reaches its maximum 2Ω∆0 ∆ 2 at t = π ∆ , which asymptotically saturates 4 V ∆0 = 2Ω ∆0 in the large ∆ 0 limit. The error dynamics stays exactly the same if we choose P = 1 2 (1 + σ z ) = |e e| to be the excited-state projector.
We move on to demonstrate the saturation of the slope. To this end, we should consider a situation with Tr P > 1, oth-erwise we can show that (t) can never exceed an order-V ∆0 constant even in the long-time limit [26] . It turns out that a four-level system with H 0 = ∆0 2 (σ z 1 + σ z 2 ) and V = Ω 2 σ x 1 , which describes two identical two-level atoms with only one driven by a classical laser (see Fig. 2(b) ), already gives such a worst example. Choosing P = 1 2 (1 − σ z 1 σ z 2 ) (with Tr P = 2) and O = 1 2 (σ x 1 σ x 2 + σ y 1 σ y 2 ) (σ y ≡ i(|g e| − |e g|)), we have
which is well approximated by |e i(∆−∆0)t − 1|
We plot Eqs. (4) and (5) in Figs. 2(c) and (d) , respectively, where the asymptotic bound (3) is also shown for comparison.
Derivation of the main result.-We turn to the derivation of Eq. (3). The first step is to perform the SWT [13, 14] :
where S = e T is unitary and the anti-Hermitian generator T is determined from
it follows that T can be restricted to be off-block diagonalized to satisfy the following Sylvester equation [30] :
Provided that the spectra of H P and H Q are separated by a gap ∆, T is rigorously upper bounded by [14, 31] 
We recall that " " in Eq. (8) allows a tiny violation with order
, and is validated by ∆ ≥ ∆ 0 −2 V , a result ensured by the Weyl's perturbation theorem [32] . Accordingly, the norm of the remaining term
in Eq. (6) should asymptotically be bounded by
in the large gap regime. Here we have used V o ≤ V [26] .
With the help of SWT, we can rewrite the error into
where H 1 ≡ H 0 + V d , L(t) = e −iH1t e i(H1+V )t is the Loschmidt-echo operator [33] and S H1 (t) = e e −iH 1 t T e iH 1 t is the SWT in the interacting picture. This rewritten form (11) has a crucial property that the generators of S and S H1 (t) both have small norms (at most) of the order of V ∆0 , and so is L(t) = − → T e i t 0 dt e −iH 1 t V e iH 1 t ( − → T : time ordering) for a time scale of interest (i.e., V t is of order one). Applying the inequality
Using the inequality [26] 
for ∀T = −T † (and O = 1), we can bound the first and the third terms in Eq. (12) by 2 T , and the second term by
Combining these exact bounds with those asymptotic ones in Eqs. (8) and (10), we obtain Eq. (3). Now it is clear that the constant in Eq. (3) arises from the SWT and the time-evolved SWT, while the time-linear term arises from the Loschmidt echo.
Generalization to many-body systems.-We focus on quantum many-body systems defined on a lattice Λ with an arbitrary geometry. The main result (3) stays applicable as long as there is an isolated energy band, such as the ground-state manifold, and V is bounded, as is the case for a local perturbation. On the other hand, Eq. (3) becomes meaningless if V is a sum of local operators, i.e., V = A⊆Λ V A with V A supported on A. By local, we mean that V A = 0 whenever A is not connected or its volume |A| exceeds a threshold. In this case, V diverges linearly with respect to the system volume |Λ| ∼ L d , where L = l Λ is the diameter of the entire system and d is the spatial dimension.
However, if we assume that (i) both H 0 and V are sums of local operators; (ii) H 0 is classical and frustration-free in the sense that all the local operators commute and all the global ground states minimize local energies everywhere; (iii) O = O X is a local observable supported on X with a finite diameter l X , we can still derive a meaningful bound like
where V ≡ max j∈Λ A j V A is the local interaction strength, which is set to be order one, and p(t) is a polynomial of t with degree d + 1 and (at most) order-one coefficients. This result implies that for a prescribed precision , the constrained quantum dynamics is a locally good approximation up to a time scale (at least) of the order of (∆ 0 ) [15] . By local we mean that the generator T is a sum of local operators. The locality of T and O X allows us to modify Eq. (13) into [26] 
Similar to Eq. (8), we have T ≤ V ∆0 , so the first term in the right-hand side of Eq. (12) can be bounded by 2|X| V ∆0 . As for the third term, we note that S H1 (t)
being the observable in the Heisenberg picture. While the support of O H1 X (t) generally covers the entire lattice in a rigorous sense, we can show from the Lieb-Robinson bound [15] that the support volume is effectively of the order of (l X + 2vt) d [26] , where v is the Lieb-Robinson velocity. We emphasize that v is essentially determined by V since H 0 is by assumption classical and almost does not contribute to the spreading of operators. This fact ensures the finiteness of v even in the infinite gap limit, where the usual Lieb-Robinson velocity [15] determined from H diverges.
Moreover, the locality of T in turn ensures the (quasi-)locality of V in Eq. (6), and we can show that the order of V is no more than that of V 2 ∆0 in the large gap regime, just like Eq. (10). Following the same argument used for bounding S H1 (t) † O X S H1 (t) − O X , we can show that the order of the integrand in Eq. (14) is no more than V (l X + 2vt ) d , whose integral is a polynomial of t with degree d + 1. Combining all the analyses above, we obtain Eq. (15) from Eq. (12).
To illustrate our findings, we consider the error dynamics in the parent Hamiltonian of the PXP model [12] . As is graphically illustrated in Fig. 3(a) , the Hamiltonian is given as
where L is the system size. The constrained dynamics concerns P = j 1 − 1 4 (1 + σ z j )(1 + σ z j+1 ) , which is a projector onto the Hilbert subspace with adjacent excitations forbidden. As shown in Fig. 3(b) , (t) indeed grows like t 2 rather than t after the "sudden" jump, implying that the power bound t d+1 presented in Eq. (15) is qualitatively tight. On the other hand, we do not expect quantitative saturation of the many-body bound due to the looseness of the Lieb-Robinson bound [15] . We also argue that beyond the Lieb-Robinson time t * ∼ L/v the error grows linearly. This is because the correlation spreads throughout the system and hence the bound based on the locality argument no longer holds.
Summary and outlook.-In summary, we have established a universal and tight error bound (3) for constrained quantum dynamics in generic quantum systems with isolated energy bands. By universal we mean that the bound is generally applicable and only involves a minimal number of parameters (coupling strength and energy gap). By tight, we mean that it can partially be saturated in some worst cases. The result has been generalized to many-body systems by making use of the 17). The colored dots denote the error dynamics for log 10 ∆0 = 1.0, 1.5, 2.0, 2.5, respectively. The best fitting quadratic curves denoted by the grey dotted lines are confirmed to be more accurate than the linear ones, while the growth becomes rather linear after the correlation spreads throughout the system at Ωt ∼ 12. The Rabi frequency is Ω = 2 and the system size is L = 12. Shown in the inset is the rescaled error ∆0 (t), whose collapse is consistent with Eq. (15).
Lieb-Robinson bound. It is found that the error of a local observable grows no faster than t d+1 , so a quantum many-body constrained dynamics stays locally a good approximation up to a time scale proportional to ∆ 1 d+1 0 . The error bound can readily be generalized to open quantum systems with decoherence-free subspaces [35, 36] subject to coherent perturbations, as has been shown in Ref. [26] . The obtained result is actually related to the quantum Zeno effect [37] [38] [39] . Our work also rises many problems such as whether the intercept and the slope in Eq. (3) can simultaneously be saturated and whether it is possible to generalize to open quantum many-body systems with an extensive number of dark states [40, 41] . Another direction of future studies is the generalization to long-range interacting systems [42] [43] [44] .
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